
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



SUPPLEMENTARY NOTE ON THE CHIEF THEOREM OF 
LIE'S THEORY OF FINITE CONTINUOUS GROUPS. 

By Stephen Elmer Slocum, Clark University. 

Presented by Henry Taber, April 11, 1900. 

On pages 239-250 of the current volume of these Proceedings, in a 
paper entitled " Note on the chief theorem of Lie's theory of continuous 
groups," I pointed out an error in Lie's demonstration of the first funda- 
mental theorem of his theory. In what follows I indicate how this error 
may be avoided and the demonstration completed. 

Lie's error in the demonstration of the first fundamental theorem con- 
sists in neglecting conditions imposed at the outset upon certain auxiliary 
quantities fi u /i 2 , . . . introduced in the course of the demonstration. Thus 
in the Continuierliche Gruppen, pp. 372-376 (and substantially in Trans- 
formationsgruppen, vol. III., pp. 558-564) Lie proceeds as follows: — 

Being given a family with an oo r of transformations T a , defined by 
the equations 

*'« =/• (*i • • • x n , a 1 . . . a,.) (i = 1, 2 . . . n), 

containing the identical transformation, and, moreover, such that the x"% 
satisfy a certain system of differential equations, he defines by the intro- 
duction of new parameters /x a family of transformations E^, 

x't — F t (x\ . . .x' n , fr . . . /v) (*' = 1, 2 . . . n), 

each of which is generated by an infinitesimal transformation ; Lie then 
establishes the symbolic equation 

T a En = T a ,* 

* If the equations defining the families of transformations T a and E/x are re- 
spectively, 

x'i =fi (x x . . . x n , a x . . . a r ) (t = 1, 2 . . . «), 
and 

x't = Fi (x 7 1 ...?„, /i! .. . fa,) {i = 1, 2 . . . n), 

the symbolic equation Ta En = Ta is equivalent to the simultaneous system of 
equations 
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where the a's and /i's are arbitrary, and 

a k — #* (jUl . • • fi r , «i • • • «r) (£ = 1,2... r), 

the **s being independent functions of the /x's. 

For S 4 = a 4 <0) (A = 1, 2 ... r), the transformation 7^ becomes the iden- 
tical transformation ; and therefore we have 

where 

«* = ** 0* • • • /«,, <' • • • a*™) (* = 1, 2 • • . r). 

Thus every transformation of the family .EJt is a transformation of the 
family T a . If, conversely, every transformation T a belonged to the 
family E^, it would follow that 

Ta T a = T a ,\ 

that is to say, we should have shown that the family of transformations 
T a forms a group. 

But, although the 3>'s are independent functions of the /x's, nevertheless 
the fi's in certain cases become infinite for certain systems of values of 
the a's ; and infinite values of the u's, by their definition, are excluded at 
the outset. J We cannot then assume that every transformation T a 
belongs to the family E^. 

We may, however, proceed as follows : — For all values of the a's for 
which the functions 

x'i —fi(x x . . . x n ,a x . . . a r ), 

x\ = F t (x\ ...?„, /tj ... fr.), (i - 1, 2 . . . n) 

x 'i —fi ( x i ■ ■ ■ x n , <*i • . . a r ), 
or to the functional equations 

Fi (A (*> «) • • ■/»(*> «), H ■ ■ ■ Pr) -fi {x l ... x„, aj . . .or) (i = 1, 2 . . . n). 

* That is, 

F i (x\...x n ,Vi---^) = Fi(f 1 (x,am)...f n (x,a<.<>)),v. 1 ...v r )=f { (x 1 ...x„,a l ...a r ) 

(i = 1, 2 . . . n), 
since 

?t -fi (*i • • • xi, a x (»)... a r W!) (t = 1, 2 . . . n). 
t That is, 

/* (/i (x, a) ■ ■ -fn (x, a), oj . . . a,.) =/i(x! . . . x„ a t . . . a T ) (i = 1, 2 . . . n). 
t These Proceedings, p. 247. 
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ixj = M s (aj . . . a r , a,! m . . . a r m ) (J = 1, 2 . . . r) are finite, we have 

T& T a = Ta E^ — T a , 
that is, 
/; (/i 0, «)•••/» (*, «)> a x . . . a r ) = 

-^ (/i (*, «) • • -fn {x, a), m . . . ti r ) = /< (x x . . . x n , a x . . . a r ) 
(i — 1, 2 ... n). 

Let /?!, /? 2 • • • be a system of values of the a's for which one, or more, 
of the corresponding /x's is infinite in all branches. Also let b u b 2 . • . 
be the system of values assumed by the a's for a k = (3 k (k = 1, 2 . . . r). 
Since the functions f are continuous functions of the variables and 
parameters, and we assume that the system of parameters /? give a defi- 
nite transformation Tp of the family, we have 

Mfi(x, «)•••/» (x, a), ft • • • ft) = I'm./i {f i (x, a) . . ./„ (x, a), ai ... a r ) 

a = p 

= lim-y; (a?i . . . x n , a x . . . a r ) = f i (x l ... x n , b t . . . b r ) (i = 1, 2 . . . n). 
a — b 

which is equivalent to the symbolic equation 

Ta Tp = T a lim. T a = lira. T a T a - lim. T a = T h . 

a = fl a=p a=b 

Consequently, the composition of two arbitrary transformations T s and 
Tp of the family is equivalent to a transformation 7& of this family ; 
that is to say, the family of transformations T a forms a group. The 
transformation T h , however, may not be a transformation of the group 
that can be generated by an infinitesimal transformation of this group. 
Thus, every transformation of a group with continuous parameters is not 
necessarily generated by an infinitesimal transformation of the group. 



